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Y Show all your work for credits!
1. Suppose « is an irrational real number. Then there are infinitely many rational numbers p/q such that
w !
a——| < —.
9l 4

2. We say that a rooted tree is strictly binary if every parent vertex has exactly two children. How many
strictly binary trees are there with k parent vertices? (Do not take symmetry into account: If two trees are
mirror images of one another, count both configurations.)

3.U2<p <pand2 < ¢ < g, then prove that R{p',q') < R(p,q) where R(,-) is the Ramsey number
agsociated with integers. Also, prove that equality holds if and only if p’ = pand ¢’ = 4.

4. A cyclobutane is a hydrocarbon constructed of 4 carbon atoms arranged cyclically with 2 hydrogen atoms
afttached to each carbon, as illustrated in the following:

H H
H C C H
H C C H
H H

(a) How many isomers can be obtained by replacing 2 hydrogens with nitrogen and 3 with oxygen?
(b) Find the number of isomers with 3 hydrogens.

5. Letn > 1be an integer. A conference matrix M of order n is an 7 X 1 matrix with 0’s on the diagonal and
+1 or —1 in all other positions, and with the property

MMb= (n— 1)1,
where I is the idenfity mairix of order n and M is the transpose of M.

(a) Show that n must be even.

(b) Show that permuting rows and columns and multiplying rows and columns by —1, Wwe can obtain
a matrix that is symmetric if n.= 2 mod 4 and antisymmetric if n = 0 mod 4.

6. Let GF(4) = {0,1,w, @}, where ® =1 and @ = w?.

(a) Give a parity-check matrix for the Hamming single e;'ror-correcﬁng code C of fength 5 over GF(4).
(b) Give a generator matrix for C.
{c) Whatis the minimum weight of C? Give reasons.
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In the Problem 4, you must graphically visualize the cyclobutane in
the 3 dimensional space.




