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�� ��� �� /HW Tn,p GHQRWH WKH 7XUiQ JUDSK RQ n YHUWLFHV ZKLFK LV D FRPSOHWH PXOWLSDUWLWH JUDSK ZLWK p
SDUWLWH VHWV S1, S2, . . . , Sp ZKLFK DUH DV QHDUO\ HTXDO LQ VL]H DV SRVVLEOH� WKDW LV ||Si| − |Sj|| ≤ 1 IRU
DQ\ i, j� /HW Kp+1 GHQRWH D FRPSOHWH JUDSK RQ p+ 1 YHUWLFHV�
��� 3URYH WKDW WKH QXPEHU RI HGJHV LQ WKH 7XUiQ¶V JUDSK Tn,p LV

(p− 1)(n2 − r2)

2p
+

(
r

2

)
,

SURYLGHG WKDW n = tp+ r� ZKHUH t DQG r DUH QRQQHJDWLYH LQWHJHUV� DQG 0 ≤ r < p�
��� 3URYH WKDW LI D VLPSOH JUDSKG RQ n YHUWLFHV ZLWKm HGJHV GRHV QRW FRQWDLQKp+1 DV D VXEJUDSK�
WKHQ

m ≤ p− 1

2p
n2

�� ��� �� $ GRXEO\ VWRFKDVWLF PDWUL[ LV D QRQQHJDWLYH VTXDUH PDWUL[M VXFK WKDW WKH VXP RI HQWULHV LQ
HDFK URZ RIM LV 1 DQG WKH VXP RI WKH HQWULHV LQ HDFK FROXPQ RIM LV DOVR 1� $ SHUPXWDWLRQ PDWUL[
P LV D GRXEO\ VWRFKDVWLF PDWUL[ ZKRVH HQWULHV DUH HLWKHU 0 RU 1� 3URYH WKDW D GRXEO\ VWRFKDVWLF PDWUL[
M FDQ EH H[SUHVVHG DV

M = c1P1 + c2P2 + · · ·+ c!P!

ZKHUH P1, . . . , P! DUH SHUPXWDWLRQ PDWULFHV DQG c1, . . . , c! DUH SRVLWLYH UHDO QXPEHUV VXFK WKDW c1 +
· · ·+ c! = 1�

�� ��� �� /HW r, p, q EH SRVLWLYH LQWHJHUV ZLWK PLQ{p, q} ≥ r ≥ 1� 3URYH WKDW WKHUH H[LVWV � KBMBK�H
TQbBiBp2 BMi2;2` N(p, q; r) ZLWK WKH IROORZLQJ SURSHUW\� /HW S EH D VHW ZLWK n HOHPHQWV� 6XSSRVH

WKDW DOO
(
n

r

)
r�VXEVHWV RI S DUH FRORUHG `2/ Q` #Hm2� 7KHQ LI n ≥ N(p, q; r)� ZH PXVW KDYH HLWKHU

VRPH p�VXEVHW RI S IRU ZKLFK HYHU\ r�VXEVHW LV FRORUHG UHG RU VRPH q�VXEVHW RI S LQ ZKLFK HYHU\
r�VXEVHW LV FRORUHG EOXH�

�� ��� �� 7KH 0|ELXV IXQFWLRQ µ(d) LV GHILQHG DV

µ(d) :=

{
1 LI d LV WKH SURGXFW RI DQ HYHQ QXPEHU RI GLVWLQFW SULPHV�
−1 LI d LV WKH SURGXFW RI DQ RGG QXPEHU RI GLVWLQFW SULPHV�
0 RWKHUZLVH�

7KH 5LHPDQQ ]HWD IXQFWLRQ LV GHILQHG LQ WKH FRPSOH[ SODQH ZLWK 5H(z) > 1 VXFK WKDW

ζ(z) :=
∞∑

n=1

1

nz

��� 3URYH WKDW
∑

d|n

µ(d) = 0 IRU n > 1�

��� 3URYH WKDW
1

ζ(z)
=

∞∑

n=1

µ(n)

nz
�
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�� ��� �� /HW s(n, k) GHQRWH WKH aiB`HBM; MmK#2`b Q7 i?2 }`bi FBM/�
��� )RU n ≥ 0� SURYH WKDW

n∑

k=0

s(n, k)xk = (x)n

ZKHUH (x)n LV GHILQHG DV

(x)n :=

{
x(x− 1) · · · (x− n+ 1) LI n ≥ 1

1 LI n = 0

��� 3URYH WKDW
∞∑

n=k

s(n, k)
zn

n!
=

1

k!
(OQ(1 + z))k

�� ��� �� /HW x1x2 · · · xn EH WKH SURGXFW RI n QXPEHUV� /HW un GHQRWH WKH QXPEHU RI ZD\V RI SDUHQWKH�
VL]LQJ x1x2 · · · xn WR VSHFLI\ WKH RUGHU RI PXOWLSOLFDWLRQ� )RU H[DPSOHV� u1 = 1 DQG WKHUH DUH u4 = 5
ZD\V WR SDUHQWKHVL]H x1x2x3x4�

x1(x2(x3x4)), x1((x2x3)x4), (x1x2)(x3x4), (x1(x2x3))x4, DQG ((x1x2)x3)x4

3URYH WKDW
un =

1

n

(
2n− 2

n− 1

)

�� ��� �� 'HILQH pRGG(n) DV WKH QXPEHU RI SDUWLWLRQV RI n LQWR Q// T�`ib DQG pGLVW(n) DV WKH QXPEHU
RI SDUWLWLRQV RI n LQWR mM2[m�H T�`ib� )RU H[DPSOHV� ZH KDYH pRGG(6) = 4 VLQFH

6 = (1 + 1 + 1 + 1 + 1 + 1) = (3 + 1 + 1 + 1) = (3 + 3) = (5 + 1)

DQG pGLVW(6) = 4 VLQFH
6 = (6) = (5 + 1) = (4 + 2) = (3 + 2 + 1)

��� 3URYH pRGG(n) = pGLVW(n) E\ XVLQJ JHQHUDWLQJ IXQFWLRQV�
��� 3URYH pRGG(n) = pGLVW(n) \HW DJDLQ� WKLV WLPH E\ FRQVWUXFWLQJ D ELMHFWLRQ EHWZHHQ SDUWLWLRQV�

�� ��� �� /HWP EH D SDUWLDOO\ RUGHUHG ILQLWH VHW� /HWmP GHQRWH WKHPLQLPXP QXPEHU RI GLVMRLQW FKDLQV
ZKLFK WRJHWKHU FRQWDLQ DOO HOHPHQWV RI P � DQG OHW MP GHQRWH WKH PD[LPXP QXPEHU RI HOHPHQWV LQ
DQ DQWLFKDLQ RI P � 3URYH WKDW mP = MP �

�� ��� �� /HW P EH D ILQLWH SDUWLDOO\ RUGHUHG VHW ZLWK WKH ELQDU\ UHODWLRQ ≤� 7KH ]HWD IXQFWLRQ ζ RI P
LV GHILQHG E\

ζ(x, y) :=

{
1 LI x ≤ y LQ P
0 RWKHUZLVH

ZKLFK LV D VTXDUH PDWUL[ ZKRVH URZV DQG FROXPQV DUH LQGH[HG E\ WKH HOHPHQWV RI P � /HW µ GHQRWH
WKH 0|ELXV IXQFWLRQ RI P ZKLFK LV WKH LQYHUVH RI ζ � WKDW LV µζ = I �WKH LGHQWLW\ PDWUL[�� ,I x, y ∈ P �
D VHTXHQFH x = x0 < x1 < · · · < xk = y LV FDOOHG D FKDLQ RI OHQJWK k IURP x WR y� /HW ck(x, y)
GHQRWH WKH QXPEHU RI VXFK FKDLQV� )RU DQ H[DPSOH� LI x < y� WKHQ c1(x, y) = 1� 3URYH WKDW

µ(x, y) =
∑

k≥1

(−1)kck(x, y)
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