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1. (20 %) Let T}, , denote the Turan graph on n vertices which is a complete multipartite graph with p
partite sets S, Sa, . .., S, which are as nearly equal in size as possible, that is ||.S;| — |S;|| < 1 for
any ¢, j. Let K1, denote a complete graph on p + 1 vertices.

(1) Prove that the number of edges in the Turan’s graph 7T;, , is

@—Ugf—ﬂ)+(97

provided that n = tp + r, where ¢ and r are nonnegative integers, and 0 < r < p.
(2) Prove that if a simple graph G on n vertices with m edges does not contain K, as a subgraph,
then

—1
p n?

m <
=

2. (10 %) A doubly stochastic matrix is a nonnegative square matrix M such that the sum of entries in
each row of M is 1 and the sum of the entries in each column of M is also 1. A permutation matrix
P is a doubly stochastic matrix whose entries are either 0 or 1. Prove that a doubly stochastic matrix
M can be expressed as
M261P1+02P2+"'+04Pg

where P, ..., P, are permutation matrices and cy, . . ., ¢, are positive real numbers such that ¢; +
4= 1.

3. (10 %) Letr, p, q be positive integers with min{p, ¢} > r > 1. Prove that there exists a minimal
positive integer N (p, ¢; r) with the following property. Let S be a set with n elements. Suppose

that all " r-subsets of S are colored red or blue. Then if n > N(p, ¢;r), we must have either
r

some p-subset of S for which every r-subset is colored red or some ¢-subset of .S in which every
r-subset is colored blue.

4. (10 %) The Mobius function x(d) is defined as

—1 if d is the product of an odd number of distinct primes,

1 if d is the product of an even number of distinct primes,
p(d) =
0  otherwise.

The Riemann zeta function is defined in the complex plane with Re(z) > 1 such that

=1
C)=2
n=1
(1) Prove that Z p(d) =0 forn > 1.
dln
(2) Prove that 1 = M(n>
C(z2) = w
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5. (10 %) Let s(n, k) denote the Stirling numbers of the first kind.

(1) For n > 0, prove that
Zs(n, k)ak = (x),
k=0

where (), is defined as

(@), = z(x—1)---(r—m+1) ifn>1
Y = 1 ifn=0
(2) Prove that

}:snka: (In(1+2))*

n=~k

6. (10 %) Letxyxs- - -z, be the product of n numbers. Let u,, denote the number of ways of parenthe-
sizing x12 - - - T, to specify the order of multiplication. For examples, u; = 1 and there are uy = 5
ways to parenthesize xxor3x4:

x1(za(324)), ®1((2223)2s), (T122)(2374), (21(T273))2s, and ((x129)x3)T4
Prove that L /o )
= ( n—1 )

7. (10 %) Define poga(n) as the number of partitions of n into odd parts and pgist(n) as the number
of partitions of n into unequal parts. For examples, we have pogq(6) = 4 since

6=(1+14+14+14+1+1)=B+14+14+1)=B+3)=(+1)
and pgist(6) = 4 since
6=06)=0b+1)=4+2)=B+2+1)
(1) Prove poaa(n) = paist(n) by using generating functions.
(2) Prove poaq(n) = paist(n) yet again, this time by constructing a bijection between partitions.

8. (10 %) Let P be apartially ordered finite set. Let m p denote the minimum number of disjoint chains
which together contain all elements of P, and let Mp denote the maximum number of elements in
an antichain of P. Prove that mp = Mp.

9. (10 %) Let P be a finite partially ordered set with the binary relation <. The zeta function ¢ of P
is defined by
_J 1T ifz<ymP
((2,y) = { 0 otherwise

which is a square matrix whose rows and columns are indexed by the elements of P. Let x denote
the Mdbius function of P which is the inverse of ¢, that is u{ = I (the identity matrix). If z,y € P,
asequence r = xo < x; < --- < xp = y is called a chain of length k from z to y. Let cx(z, )
denote the number of such chains. For an example, if x < y, then ¢;(z,y) = 1. Prove that

:u(l‘7 y) = Z(—l)kck(;p’ y)

k>1
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