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(a) (5 %) Let A(G) be the adjacency matrix of a simple graph G. Show that the 4, j-entry

—_

of A" is the number of walks of length n on G from ¢ to j.
(b) (5 %) Let P, be the path graph on n vertices and 1 one of its the endpoints. Find the
, Ll-entry of A(Py,)".
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(c¢) (b %) Let C,, be the cycle graph on n vertices and 1 one of its vertices. Find the
1, 1-entry of A(Cy,)".

[\)

coloring on the edges of K}, always lead to a blue K, or a red K,,.
(a) (10 %) Show that R(p,q) < R(p—1,q) + R(p,q — 1).
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(b) (5 %) Show that R(p,q) < (p ;z . ) for any p,q > 2.

. Let R(p,q) be the Ramsey number. That is, the smallest integer k such that any blue-red

3. (a) (10 %) A permutation o on [n] = {1,...,n} is called a derangement if o(i) # i for all i €
[n]. Use the principle of inclusion and exclusion to find the number d,, of derangements

on [n].

(b) (5 %) Find the probability of getting a derangement when n is large. That is, find

b

tation matrices.

ot

(15 %) Find the exponential generating function for the number of symmetric n x n permu-

. (20 %) Let B,, be the boolean lattice. That is, the poset defined on the subsets of {1,...,n}

with the subsets ordered by inclusion. Find the largest cardinality of an antichain in B,.
Describe all the antichains achieving the maximum cardinality. Justify your answer.

&

(20 %) Let I' be a transportation flow with source S and sink 7" such that each edge has

integral capacity. Show that the maximum flow equals the minimum cut. Moreover, there is
a flow achieving the maximum such that its flow on each edge is integral.
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