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1. Let {My, n > 1} be a Markov chain on the state space {0, 1,2, - - - } with the following transition
probabilities:
p(kk+1)=pandp(k,k—1)=¢q, fork > 1,

and p(0,1) = 1, where 0 < p < g and p + ¢ = 1. Find the probability distribution {m(k), k > 0}
such that
m(k — V)p(k — 1,k) = w(k)p(k,k — 1) for k > 1.

2. Let f(z) and g(z) be two probability density functions defined on R, where f(z) > 0 and g(x) > 0

for all x € R. Show that
/ <log f_(_m_)) f(z)dx > 0,
R 9(33)

provided that the integral is well-defined.

3. Let events A and B be given. Prove that A and B are independent if and only if the indicator
functions
14 and 1p are independent.

4. For a given positive constant ¢ > 0, define W; := Bg/+/c for t > 0, where {B;, t > 0} is a
Brownian motion. Show that {W;, ¢ > 0} is also a Brownian motion.

5. Let {X,, n > 1} be a sequence of i.i.d, random variables. If

lim —X—" =0 as,
n—rco n
then
o0
ZP{IXll > en} < oo,
n=1
for every € > 0.
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Remarks @ For the convenience of reprinting please Write questions in black or blue-black ( but no red ) ink.
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6. Let X be arandom variable with finite mean, and let G,, G, and F be o-fields such thatG; C F C Go.
Show that if E[X|G1] = E[X|Go] a.s., then

E[X|F] = E[X|G1] a.s.

7. LetY, be arandom variable that follows a Poisson distribution with parameter s > 0. The probability
mass function of Y; is given by
gk
PlY, =k] = 6—3751 fork > 0.
Prove that

—

as s — oo, where N (0, 1) denotes a normal random variable with mean zero and variance one.

converges weakly to N(0,1),

8. Let {X,,, n > 1} be a uniformly integrable sequence that converges to 0 in probability as n — co.
Show that { X,,, n > 1} converges to 0 in L; as n — oo.

9. Suppose that {X,,, n > 1} are i.i.d. random variables with mean zero and variance o2. Define the
random walk as follows: L
Sp = ZXk forn > 1and Sy = 0.
k=1
Let F, = o{Xy, -+, X, } forn > 1 and Fy = (). Show that
(1) {(Sn, Fn), n > 0} is a martingale.
(2) {(S2 — no?, F), n > 0} is a martingale.

10. Let {X,,, n > 1} be a sequence of i.i.d. random variables with mean zero and variance one. Define
the sequence {Y,, n > 1} as follows:

X, If|X,| < n;
X2, if | X > n,
for all n > 1. Show that
Y
k=1-"k
N
converges weakly to N(0,1) as n — oo, where N (0, 1) represents a normal random variable with

mean zero and variance one.
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