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NATIONAL CHENGCHI UNIVERSITY EXAMINATION FORM
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Notice: In the following, we use N to denote the set of positive integers and write P(£) and EX for the
probabiltiy of event £ and the expextation of random variable X. When writing E(X|Y"), we mean the
conditional expectation of random variable X given the o-field generated by Y.

1. (20 %) For n € N, let X,, be a random variable having absolutely continuous distribution with
density

_ fenlsin(nrz)| forax € (0,1),
Fulw) = {0 otherwise,

where c,, is a constant.

(1) (5%) Determine c;,.

(2) (15%) Show that X, converges in distribution to some random variable X and determine the
distribution function of X.

2. (20 %) Let (Y;,),2, be a sequence of i.i.d. random variables satisfying P(Y,, = 1) = P(Y,, =
=Y, . N
—1)=1/2forn € NandsetY = Z on Find the distribution of Y.

n=1
3. (20 %) Fix ¢ > 0. Let (7,,)72, be a sequence of independent random variables satisfying P(7,, =
n®) =P(T,, = —n®) =1/2forn € N. Set S,, =11 + 15 + - - - + T,,. Show that % converges to 0
almost surely if and only if ¢ < 1/2.
4. (20 %) Let (W,)>2, be i.i.d. random variables with E|W;| < oo and set Z,, = Wy + --- + W,,.
Show that E(W1|Z,,, Z11, ...) = % almost surely.

5. (20 %) Let (U,)>2, be a sequence of i.i.d. standard normal random variables and set

Vo 1 o {(U1+U2+~--+Un)2}
Y e 2(n+ 1) '

(1) (10%) Show that (V,,)-°, is a martingale.
(2) (10%) Show that V,, converges almost surely and find the distribution function of the limit.




