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Please show all your work.

6 R 3E, 3100 ~ -

1. (20 %) Let A and B be two n x n matrices defined as

2 -1

-1 2 -1

and B =

(a) (5%) Find B!, the inverse of the matrix B.

(b) (5%) The Gauss-Seidel method is an iteration of the form

AR TG:C(k*l) + c¢.

What is the Gauss-Seidel iteration matrix 7¢;, corresponding to the matrix A defined above?

(c) (10%) Show that the spectral radius of the Gauss-Seidel iteration matrix 7; defined in (b) is

less than 1.

1
2. (20 %) Let f and g be two real-valued functions. Define the inner product < f, g >= / f(x)g(x) dx.
0

Let go(z) = 1.

(a) (5%) Find a linear monic polynomial ¢; (z) = = — a satisfying < ¢, gy >= 0.

(b) (5%) Find a quadratic monic polynomial of the form gy(z) = 2> — bgo(z) — cqy(z) satisfying

< (@,q; >=0forv =0, 1.

(¢) (10%) Determine Ag, Aq,x9, 1 € R so that the following quadrature rule has the highest

degree of precision

/0 f(x)dx = Ao f(z0) + AL f(21).

Find its degree of precision.
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3. (20 %) Let v € R" be a unit vector, i.e., [|[v|| = 1. The Householder transformation is defined as
Q=1-2w"
where [ is the n x n identity matrix and the operator T denotes the transpose.

(a) (6%) Show that Q = Q" = Q.
(b) (8%) Find all the eigenvalues and the associated eigenvectors of the matrix ().

-
(c) (6%) Letx = <3 4 0 ... 0 > . Find the Householder transformation () such that

.
Qu=(500 ..0).
4. (12 %) Construct the natural cubic spline that interpolates the data (1,2), (2.3), and (3, 5).

5. (12 %) Derive the Adams-Bashforth two-step formula

h
Tyl = Ty + 5 (3fn — fo-1]
and determine its order.

6. (16 %) Suppose that f : [a,b] — [a, b] is continuous on interval [a, b] and is a contraction, i.e., there
exists a constant L € (0, 1) such that

|f(x) = f(y)| < Llx —y|, forall z,y € [a,b].

Prove that there exists a unique fixed point in [a, b] and that the fixed point iteration z, 1 = f(z,)

converges to the fixed point for any z, € [a, b].
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