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1. (15 %) Let

~ Jasin(l/z) for0 <z <1, _ [a%sin(1/z) for0 <z <1,
fla) = {O forz = 0. and  g(r) = {0 forz = 0.
(a) (7%) Determine whether f and g are of bounded variation on [0, 1]. Give your proof in each
case.

(b) (8%) Determine whether f and g are absolutely continuous functions on [0, 1]. Give your proof
in each case.

2. (15%) Let {fx}z2, be a sequence of measurable functions on R". Prove that the set {z € R" :
hm fr(x) ex1sts} 1s a measurable set.

3. (15%) Let
—1/y* for0<z<y<l,
f(z,y) =< 1/2° for0 <y<uz<l,
0 otherwise.
Does f € L'([0,1] x [0,1])? Give your reason.
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4. (10 %) Let f € L'((0,1)), show that 2 f(2) € L'((0,1)) for k € Nand lim [ 2*f(x)dz = 0.

k—o0 0

5. (15%) If f € L'(R™). Show that there exists a sequence {C}.} of continuous functions with com-
pact support such that

|f — Cgldr -0 ask — co.
R

6. (15 %) For1 < p < oo, prove that LP(R") is a Banach space with norm || f|,,.
7. (15%) Let1 < p < oo, f € L’(R") and g € L'(R™). Prove that
1f* gl < b llglh-

Here (f * ¢g)(z) is defined by

(fxg)(x):= [ flz—y)g(y)dy.
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Remarks : For the convenience of reprlntlng please Write questions in black or blue-black ( but no red ) ink.



