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1. (10 %) Find a closed subset F' of R \ Q with a positive Lebesgue measure.

2. (15%) Let X # @, &/ C 2% and f : X — R be a function. Suppose that (X, .27, ;1) is a measure

space, f? is measurable and X (f > 0) is measurable, where X(f > 0) = {z € X : f(z) > 0}.
Show that f is a measurable function.

3. (15%) Let A and B be non-empty sets. Prove that
1. Xane = Xa " Xp-
2. Xaus = Xa T Xs — Xans
3. Xag = Xa — Xans-

4. (15 %) Let H be the Haar function defined by

Set , ,
Hj(z) :=22H(22 — k), j kel

and
U:={H;,:j.kel}

Show that W is an orthonormal basis for L*(R).
5. (15 %)

1. What is that a measure is translation invariant?

2. Let A C R be measurable a € R, § > 0. When |z| < 4, there are at least one of a + = and
a — x belonging to A. Show that mA > ¢, where mA denotes the Lebesgue measure of a
measurable set A.

6. (15 %) Suppose 1 < p <oo,1/p+1/g=1,and f € LP(R). Prove the following equalities:
1.
| s
R

Hﬂ@zpé I (R(|f| > 1))dt

7. (15 %) Let M (X) denote the collection of all real-valued measurable functions defined on the mea-
sure space (X, .o/, j1). Suppose g € L'(X), f, € M(X) and g < f, (n € N). Show that

IFll, = sup

gequllqu:l

lim fnd,u / fdp.
X

n—o0
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Remarks : For the convenience of reprlntlng please Write questions in black or blue-black ( but no red ) ink.



