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系別 應用數學系
考試

科目
實變函數論

考試

日期
2024年 2月 26日 考試

時間
09:00­12:00

注意事項
• 務必作答於答案卷並標明題號，請勿作答於試題卷上，否則不予計分。
• 本試題卷共有 7個問題,總計 100分。

1. (15 %) Let {fn} be a sequence of continuous functions defined on R. Show that the set C of points
where this sequence converges is an Fσδ.

2. (15 %) Letm∗(A) be Lebesgue outer measure ofA ⊂ R. Show that, ifA is any set withm∗(A) > 0,
then there is a non­measurable set E ⊂ A.

3. (15 %) If f ∈ L(0, 1), show that xkf(x) ∈ L(0, 1) for k = 1, 2, · · · , and lim
k→∞

∫ 1

0

xkf(x) = 0.

4. (15 %) Let f be nonnegative and measurable on R and 0 < p < ∞. Prove that∫
R
f(x)pdx = p

∫ ∞

0

tp−1|{x ∈ R : f(x) > t}|dt

by Fubini theorem.

5. (15 %) Prove or disprove that if f is of bounded variation and continuous on [a, b], then f is abso­
lutely continuous on [a, b].

6. (15 %) Let C∞
0 be the class of infinitely differentiable functions with compact support. Show that

C∞
0 is dense in Lp(Rn) for 1 ≤ p < ∞.

7. (10 %) Let

Γ(x) =

∫ ∞

0

tx−1e−tdt, for 0 < x < ∞.

Show that logΓ(x) is a convex function on (0,∞) by Hölder’s inequality.
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