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1. (15%) LetT : [0,1) — [0,1) be a transformation on the Borel probability space ([0, 1), B, i)
defined as
Tx =2z (mod1).
Show that T is measure-preserving; that is, (7' A) = u(A) forall A € B.
2. (15%) Let (2,.n)mnen be a doubly infinite sequence of extended nonnegative real numbers. Then

Do T =0 ) Tnan =D ) T

(m,n)eN? neN meN meN neN

3. (15 %) Let (X, B, ) be a measure space, and let f, g : X — [0, +00] be measurable. Then

/)((erg)du:/deunL/ngu.

4. (10 %) (Prove or Disprove) Let (X, B, i) be a measure space and 7' : X — X is a measure-
preserving transformation. Suppose A € B is of positive measure. Show that for almost every

x € A, there exists k € N such that T%(z) € A.

5. (15 %) Let (X, B, 1) be a measure space and f be measurable. Suppose / fdu=0forall A € B.
A

Show that f = 0 almost everywhere.

6. (15 %) Suppose fr — fin LP,1 < p < 00, gy — g pointwise, and ||gx||- < M for all k. Show
that frgr — fgin LP.

7. (15 %) Let Z be a measure zero subset R. Show that Z' = {2* : z € Z} also has measure zero.
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Remarks : For the convenience of reprlntlng please Write questions in black or blue-black ( but no red ) ink.




