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1. Let ‖ · ‖ and ‖ · ‖′ be two norms on a finite-dimensional normed linear space X. Prove that they

are equivalent.

2. Let f ∈ L1([0, 1]). Show that xnf(x) ∈ L1([0, 1]) for all n = 1, 2, . . ., and
∫ 1

0
xnf(x) dx → 0 as

n →∞.

3. Let (X, S, µ) be a measure space. Identify the dual space L2(X, S, µ)∗ of L2(X, S, µ). You must

justify your answer!

4. Let f ∈ L1([a, b]) and F (x) =
∫ x

a
f(t) dt, x ∈ [a, b], be the indefinite integral of f on [a, b]. Show

that F is continuous on [a, b] and of bounded variation on [a, b].

5. State and prove the Jensen’s inequality for integral.

6. Let (X,S) be a measurable space and {µn} be a sequence of measures on (X, S) such that

{µn(E)} is an increasing sequence for all E ∈ S. Show that the set function µ defined by

µ(E) = limn→∞ µn(E), E ∈ S, is a well-defined measure on (X, S).

7. Let X be a compact Hausdorff space and C(X) be the space of real-valued continuous functions

on X. Let ‖f‖ = maxx∈X |f(x)|, f ∈ C(X). Show that (C(X), ‖ · ‖) is a Banach space.


