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1. Let (X, A, ) be a measure space.

(a) Suppose that 1 < p < r < oo. Prove that LP(X, A, u) N L®(X, A, u) C L"(X, A, ).
Moreover, show that if f € LP(X, A, 1) N L=(X, A, p), then || £]l, < [|£I[5/" || £]157/".

(b) If f e L"(X, A, ) N L>®(X, A, p) for some 1 <7 < oo, then lim, .o || f|lp = ||fl|co-
2. Let Q= {(z,y) e R? |0 <2 < 00,0 <y <1} and f(z,y) = ye *¥sinx. Show that

(a) Q is a Lebesgue measurable subset of R2.
(b) f is a Lebesgue measurable function on Q.

(¢) Is f(x,y) Lebesgue integrable on Q7 If yes, find the Lebesgue integral of f(z,y) over Q.

3. Let H be a Hilbert space and B(H) be the collection of all bounded linear operators on H.

Show that B(H) is a Banach space with respect to the operator norm of linear operator.
4. For 1 <p < oo, is LP(X, A, u) a Hilbert space? (Justify your answer!)

5. Let A and u be o-finite measures on a measurable space. If A << p and f = d\/du, then, for

all nonnegative measurable functions g on X, we have

/ngAz/ngdu.

6. Let (X, A, u) be a measure space and { f,,} be a sequence of integrable functions on X such that

fn — f a.e. on X. Show that if
lin |fn—f|dlu:()7
n—oX X

then
lim / Ifnldu=/ fldp.




