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1. Let (X, A, µ) be a measure space.

(a) Suppose that 1 ≤ p < r < ∞. Prove that Lp(X,A, µ) ∩ L∞(X,A, µ) ⊆ Lr(X, A, µ).

Moreover, show that if f ∈ Lp(X,A, µ) ∩ L∞(X, A, µ), then ||f ||r ≤ ||f ||p/r
p ||f ||1−p/r

∞ .

(b) If f ∈ Lr(X, A, µ) ∩ L∞(X, A, µ) for some 1 ≤ r < ∞, then limp→∞ ||f ||p = ||f ||∞.

2. Let Ω = {(x, y) ∈ R2 | 0 < x < ∞, 0 < y < 1} and f(x, y) = ye−xy sin x. Show that

(a) Ω is a Lebesgue measurable subset of R2.

(b) f is a Lebesgue measurable function on Ω.

(c) Is f(x, y) Lebesgue integrable on Ω? If yes, find the Lebesgue integral of f(x, y) over Ω.

3. Let H be a Hilbert space and B(H) be the collection of all bounded linear operators on H.

Show that B(H) is a Banach space with respect to the operator norm of linear operator.

4. For 1 ≤ p ≤ ∞, is Lp(X, A, µ) a Hilbert space? (Justify your answer!)

5. Let λ and µ be σ-finite measures on a measurable space. If λ << µ and f = dλ/dµ, then, for

all nonnegative measurable functions g on X, we have
∫

X

g dλ =
∫

X

gf dµ.

6. Let (X, A, µ) be a measure space and {fn} be a sequence of integrable functions on X such that

fn → f a.e. on X. Show that if

lim
n→∞

∫

X

|fn − f | dµ = 0,

then

lim
n→∞

∫

X

|fn| dµ =
∫

X

|f | dµ.


