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1. Let X = C[a, b] be the space of continuous functions on [a, b], ||f ||∞ = maxa≤t≤b |f(t)| and

||f ||1 =
∫ b

a
|f(t)| dt, f ∈ X. Show that

(a) || · ||∞ and ||f ||1 are norms on X;

(b) (X, || · ||∞) is a Banach space, but (X, || · ||1) is not;

(c) limp→∞(
∫ b

a
|f(t)|p dt)1/p = ||f ||∞, for all f ∈ X.

2. Let 1 < p < ∞ and f ∈ Lp[0,∞). Show that, for all x > 0, | ∫∞
0

e−txf(t) dt| ≤ ||f ||p(xq)1/q for

some 1 < q < ∞.

3. Let (X, S, µ) be a measure space. What is the dual space of Lp(X,S, µ), 1 ≤ p ≤ ∞?

4. State and prove the Lebesgue dominated convergence theorem.

5. Let (X, S, µ) be a measure space. Show that fn
µ−→ f as n →∞ if and only if

lim
n→∞

∫

X

|fn − f |
1 + |fn − f | dµ = 0,

where µ(X) < ∞.

6. Describe the way of constructing the Lebesgue measure λn on Rn.


