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1. Let (X, S, µ) be a measure space and f be a nonnegative integrable function on X. Show that

the set function ν defined by

ν(E) =
∫

E

f dµ, E ∈ S,

is a finite measure on (X, S) and ν << µ.

2. State and prove the Lebesgue dominated convergence theorem.

3. Let ν be a signed measure on a measurable space (X,S). Show that there exists a unique pair

of measures ν+ and ν− such that ν = ν+ − ν− and ν+⊥ ν−.

4. Let M be a compact metric space. Show that

(a) Every continuous function f : M → R admits both maximum and minimum values.

(b) Every closed subset of M is compact.

5. (a) What is complete measure space?

(b) Show that every measure space admits a completion.

6. Let (X, S, µ) be a finite measure space and f ∈ L∞(X,S, µ).

(a) Show that f ∈ Lp(X,S, µ) for all 1 ≤ p < ∞ and

lim
p→∞

||f ||p = ||f ||∞.

(b) Evaluate

lim
p→∞

(∫ 1

0

e−px2
dx

)1/p

if exists.


