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1. (15 %) Let f(x) be a real valued continuous function on [0, 1|. Find the limit
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2. (15 %) Given a measurable set A C [0, 1] with |A| > 0. Let B = cos(A) = {cos(x),x € A}.
Show that the measure of B is strictly less than the measure of A, i.e |B| < |A].

3. (15 %) Let {¢:} be an orthonormal system and {c;} be a sequence of numbers in £*. Show that
there exists a function f € L? such that its Fouerier series with respect to {¢;} is exactly equal to

> ckdr(x),

4. (15 %) Given a measure space (F, Z, w) with u(E) > 0 and a bounded non-constant measurable
function f(x). Show that there exists A € R such that u({f < A}) > O0and u({f > A}) > 0.

5. (10 %) Let {fi} be a sequence of measurable functions on a measurable set F. Assume that f is a

1 1
functionon E, and let £y, = {x € E : |f(z) — fe(z)| > ﬁ} Suppose |E|. < = Vk. Show that
f is a measurable function.

6. (15%) Let f: S — R be a uniformly continuous function defined on a subset S of a metric space
M. Show that (1) f extends to a uniformly continuous function f on S. (2) Such an extension is
unique on S.

7. (15 %) Let X be a normed space. We say {x;};*, C X is linearly independent if oy 21 + qowy +

.-+ 4 ayry = 0if and only if a; = 0 for all i. Now assuming {z;}.v, is linearly independent.
Prove that there is a constant ¢ > 0 such that

[IAuzy + - Anvan]] = (Al + - - [An]),

for any choices of scalars Ay, - -, Ay.
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Remarks : For the convenience of reprinting please Write questions in black or blue-black ( but no red ) ink.



