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國立政治大學 113學年度第一學期 博士班資格考 試題卷
NATIONAL CHENGCHI UNIVERSITY EXAMINATION FORM

系別 應用數學系
考試

科目
實變函數論

考試

日期
2024年 9月 16日 考試

時間
09:00-12:00

注意事項
• 務必作答於答案卷並標明題號，請勿作答於試題卷上，否則不予計分︒
• 本試題卷共有 7個問題,總計 100分︒

1. (15 %) Suppose fk, f ∈ Lp such that fk → f a.e., 1 < p < ∞. If ∥fk∥p ≤ M < ∞, show that∫
fkg dµ →

∫
fg dµ for all g ∈ Lq, where 1/p+ 1/q = 1.

2. (15 %) Let (X,B, µ) be a probability space. Suppose
∫
A

f dµ = 0 for every A ∈ B. Show that

f = 0 a.e.

3. (15 %) Let (X,B, µ) be a probability space and µ(T−1A) = µ(A) for all A ∈ B. Suppose

lim
n→∞

1

n

n−1∑
i=0

µ(T−iA ∩B) = µ(A)µ(B) ∀ A,B ∈ B.

Show that µ(E) = 0 or µ(E) = 1 provided µ(T−1(E)∆E) = 0, where ∆ is the symmetric differ-
ence.

4. (15 %) Show that there exist measurable functions fand g such that f ◦ g is not measurable.

5. (15 %) Let H be a Hilbert space. Let fn, f ∈ H for n ∈ N such that ⟨fn, g⟩ → ⟨f, g⟩ as n → ∞
for all g ∈ H. Then {fn} is bounded.

6. (15 %) Let p ∈ N and X be a measurable space. Show that Lp(X) is a Banach space with respect
to Lp-norm.

7. (10 %) Let (X,B, µ) be a probability space and µ(T−1A) = µ(A) for all A ∈ B. Suppose A ∈ B
is of positive measure. Show that for almost every x ∈ A, there exists k ∈ N such that T k(x) ∈ A.
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