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注意事項
• 務必作答於答案卷並標明題號，請勿作答於試題卷上，否則不予計分。
• 本試題卷共有 8個問題,總計 100分。

1. (10 %) Suppose that the function f is defined on a measurable set X and has the property that
X(f > c) is measurable for each rational number c. Is f measurable?

2. (15 %) Let X ̸= ∅ and A ⊆ 2X . Suppose that (X,A , µ) is a measure space.

a. If there exists a measurable set A in A such that µA < ∞, show that µ∅ = 0.

b. Let A,B ∈ A . Show that µA+ µB = µ(A
⋃

B) + µ(A
⋂

B).

c. If {Ek}k∈N be a collection of measurable subsets of X . Prove that

µ
(⋃

k

Ek

)
≤

∑
k

µEk.

3. (10 %) Suppose f 2 is measurable and X(f > 0) is measurable. Show that f is a measurable
function.

4. (15 %) Let ϕ be increasing and right­continuous, i.e., lim
y↓x

ϕ(y) = ϕ(x). Define µ∗
ϕ by

µ∗
ϕ(E) := inf

{∑
n

[
ϕ(bn)− ϕ(an)

]
: E ⊆

⋃
n

(an, bn)
}
, E ⊆ R.

a. Prove that for each b ∈ R, µ∗
ϕ({b}) = ϕ(b)− ϕ(b−), where ϕ(b−) = lim

x↑b
α(x).

b. Find the outer measure m∗(C), where m∗ is the Lebesgue outer measure and C is the Cantor
set in [0, 1].

c. Find the outer measure µ∗
ρ(C), where ρ is the Cantor function.

5. (10 %) Let E ⊆ [0, 1] be Lebesgue measurable and let ε > 0. Prove that there are finite number of

open intervals, (ai, bi), i = 1, 2, · · · , n satisfying the following condition: if G =
n⋃

i=1

(ai, bi), then

m(G \ E) < ε.

6. (10 %) Let fn ∈ M(X) for n ∈ N. If fn ≥ g ∈ L1, then show
∫
X

lim inf
n

fndµ ≤ lim inf
n

∫
X

fndµ;

if fn ≤ g ∈ L1, then show
∫
X

lim sup
n

fndµ ≥ lim sup
n

∫
X

fndµ.

7. (10 %) Find the limit: lim
n→∞

∫ ∞

0

sin(x/n)
[1 + (x/n)]n

dx.

8. (20 %) Suppose 1 < p < ∞, 1/p+ 1/q = 1, and f ∈ Lp(R). Prove the following equalities:
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a.
∥f∥p = sup

g∈Lq ,∥g∥q=1

∣∣∣ ∫
R
f(x)g(x)dx

∣∣∣.
b.

∥f∥pp = p

∫ ∞

0

tp−1m(R(|f | > t))dt.

Notations and definitions:
1. y ↓ x means that y > x and y approaches x; y ↑ x means that y < x and y approaches x.

2. X(f > a) := {x ∈ X : f(x) > a}.

3. 2X is the power set of X , i.e., the collection of all subsets of X .

4. M(X) is the collection of all measurable functions defined on the measure space (X,A , µ). f ∈
M+(X) means that f ∈ M(X) and f ≥ 0.

5. Let E be a measurable subset of R with respect to the Lebesgue measure m. m(E) denotes the
Lebesgue measure of E.


