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1. (10 %) Suppose that the function f is defined on a measurable set X and has the property that
X(f > c) is measurable for each rational number c. Is f measurable?

2. (15%) Let X # @ and &/ C 2. Suppose that (X, <7, 11) is a measure space.
a. If there exists a measurable set A in &7 such that ©A < co, show that u@ = 0.
b. Let A, B € o/. Show that uA + pB = p(A|  B) + u(A[ ) B).

c. If { Ex}ren be a collection of measurable subsets of X. Prove that
M(UEk> < ZMEJC‘
k k

3. (10 %) Suppose f? is measurable and X (f > 0) is measurable. Show that f is a measurable
function.

4. (15 %) Let ¢ be increasing and right-continuous, i.e., lim ¢(y) = ¢(x). Define y; by

ylz

1i(E) = inf{ 3" [6(ba) — d(an)] - E < | J(an, bn)}, ECR.

n

a. Prove that for each b € R, i ({b}) = #(b) — ¢(b™), where ¢(b™) = lig)l a(x).
b. Find the outer measure m*(C'), where m™ is the Lebesgue outer measure and C' is the Cantor
setin [0, 1].

c. Find the outer measure 17 (C'), where p is the Cantor function.
5. (10 %) Let E' C [0, 1] be Lebesgue measurable and let £ > 0. Prove that there are finite number of

open intervals, (a;,b;), i = 1,2, -+, n satisfying the following condition: if G = U(ai, b;), then
i=1
m(G\ F) < e.

6. (10 %) Let f,, € M(X) forn € N. If f, > g € L, then show/ liminf f,dp < liminf/ fndp;
n n X

X
if f, < g€ L', then show/ limsup f,dp > lim sup/ frndp.
X n n X

o)

7. (10 %) Find the limit: lim | S/
n—oo Jo 1+ (z/n)]"

8. (20 %) Suppose 1 < p <oo,1/p+1/g=1,and f € LP(R). Prove the following equalities:
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b.

115 = p/o P m(R(|f] > t))dt.

Notations and definitions:
1. y | x means that y > x and y approaches x; y 1 x means that y < x and y approaches .
2. X(f>a)={xeX: f(x) > a}.
3. 2% is the power set of X, i.e., the collection of all subsets of X.

4. M(X) is the collection of all measurable functions defined on the measure space (X, o7, u). f €
M*(X) means that f € M(X) and f > 0.

5. Let £ be a measurable subset of R with respect to the Lebesgue measure m. m(E) denotes the
Lebesgue measure of .




