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1. (20 %) Suppose a random sample (X7, --- , X,,) from the normal distribution with the unknown
mean £ and known variance 0.
(a) Find the maximum likelihood estimator (MLE) for P,(|.X,,| < k).
(b) Find the uniformly minimum-variance unbiased estimator (UMVUE) for P, (|.X,| < k).

2. (20 %) Suppose a random sample (X, -- -, X,,) for the following probability density distribution

1
fx<£[}’9)—m, 0 <x<b

Find the generalized likelihood ratio test (GLRT) for testing Hy : 6 = 4 versus H; : § > 4. Deter-
mine the critical region if the significant level o = 0.05. In particular, if the sample observations
are

4.96,4.64,4.23,4.78,4.90,4.14, 4.49, 4.54,

do we reject Hy? (Hint: 0.05% = 0.688)

3. 30%) Let Xy,---, X, be independent identically distributed observations from the Poisson dis-
tribution with mean . Define # = ™™ where m < n. We wish to estimate 6 using observations

of Xy,---,X,. The statistics Y = Z X is complete sufficient for 1, and hence for 0, you may
j=1
assume this.

(a) The simple estimator U takes the value 1 if X; = Xy, = --- = X, = 0 and value 0 otherwise.
Prove that U is unbiased.

(b) By starting with U or otherwise, show that
m
T=(1-=—)
(1--—)

is the UMVUE for 6.

(c) Use the distribution of Y to calculate E[T"] for v = 1,2 and use the results to show that 7" is
consistent and asymptotically efficient relative to the Cramer-Rao lower bound.
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4. (30%) Let Xy,---, X, be independent identically distributed observations from a density written
as
fx(x|f) =021, 0<z<1
with 6 > 0.

(a) Find the distributions of W = — ) ~log X; and —26 > " log X;.
=1 1=1

(b) Show that
n 1/n
vn <Z log XZ-> —e?
=1
converges to a normal distribution in distribution with mean “0” and the particular variance.

(c) Use —26 Z log X; to obtain the 1 — « level “shortest-length” confidence interval for 6.
=1
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